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The objective is to estimate the Rayleigh limit in bidirectional reflectance distribution function (BRDF)
measurements caused by air in the laboratory, the wavelength, and the path length of light in the receiver
field of view. Moreover, we intend to show the trend for the reduction of this limit by introducing a
medium with small refractive index and by using a longer wavelength. Although the BRDF typically
describes the angular distribution of scattered light from surfaces, the expression describing the
equivalent BRDF caused by the optical scattering from gas molecules in the optical path is derived

through the use of the Rayleigh scattering theory. The instrumentation is described, and the
experimental results of the equivalent BRDF caused by gas scattering from molecules in clear air,
nitrogen, and helium gases are reported. These results confirm the trends of the prediction.
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1. Introduction

The bidirectional reflectance distribution function
(BRDF) of a surface describes the angular distribu-
tion of scattered radiance reflected by a surface
normalized by the incident irradiance on the surface.'
System noise from BRDF instrumentation becomes
significant when one measures specularly reflecting
surfaces that exhibit very low scatter levels at angles
that differ from the specular direction. The BRDF
caused by instrument limitations when there is no
sample scatterer present is called the equivalent
BRDF. (The equivalent BRDF is also called the
instrument signature.2) Typically, an equivalent
BRDF measurement is carried out to show the lowest
BRDF that an instrument can measure.

The equivalent BRDF3,4 has many sources, includ-
ing scatter from optical components located within
the measuring system, internal reflections from
mountings within the instrument, electronic noise,
and scatter from the gas molecules contained within
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the field of view of the receiver system. This last
factor is nonexistent for BRDF measurements made
in a vacuum. Because most of the BRDF instru-
ments are not contained within vacuum systems, an
investigation of the effect on BRDF limits caused by
this background scatter was conducted. For this
purpose, a fixed-angle, low-electronic-noise BRDF
system with two laser sources was designed, built,
and tested with several gases present within the
receiver's field of view. Here we present the theoreti-
cal derivation of the equivalent BRDF caused by the
scattering of the gas molecules within the field of view
of the receiver. We also describe the instrumenta-
tion and present the experimental results of the
equivalent BRDF caused by scattering from gas mol-
ecules of clean air, nitrogen, and helium gases.
These results are compared with the trends of the
theoretical prediction.

2. Theoretical Analysis

We model the contribution to the equivalent BRDF
from the gas molecules in the atmosphere contained
within the field of view of the receiver by applying
Rayleigh scattering theory.5 In this section we de-
rive the expression of the equivalent BRDF.

Figure 1 shows the configuration for the scattering
problem. Appendix A gives the derivation for the
irradiance at some point p caused by Rayleigh scatter-
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The number of gas molecules contained in a section
of volume Addz is AddzN. For a cross section Ad with
a radius much smaller than r, the irradiance at p
caused by the scattering of all the gas molecules in
volume Ad can be written as

A A A
y I (x - z) plans

x

Jt/2 k4 a1l2
Ep'= AdN 2 Eidz,

/-/2 ,

(2)

where

r2 = ro2 + z 2 - 2rO z cos 0 ,

and where

r is the distance between p and any location along z
within , and

nqo is the angle between the directions of the
incident light beam and the receiver.

For a setup where / is very small compared with r,
r2 _ r 2, Eq. (2) can be simplified to

k 4 1ot 2
Ep' fAdN 2 Ej.

rO
(3)

Next, the scattered radiance, L, from the gas
molecules in volume Ad/, is expressed in terms of the
irradiance at p, Ep'. The scattered flux from Ad
collected at p is

dAp

Fig. 1. Coordinates for scattering.

(D = Lsdop I cos No lAd, (4)

where dwp is the solid angle of the receiver subtended
atp,

ing of vertically polarized light. A linearly polarized,
collimated light beam with its electric vector in the y
direction is propagating in the z direction. The light
beam has a cross section of Ad with a path length of
/ within the field of view of the receiver, which is posi-
tioned at point p in the x-z plane. The irradiance of
the light beam at cross section Ad is Ej. The irradi-
ance at p, Ep, caused by the scattering of vertically
polarized light by one gas molecule can be expressed
as [refer to Appendix A for the derivation of Eq. (1)]

p k 4 1 2 1

ro2
(1)

deop = AP/r 0
2, (5)

and Ap is the area of the receiver aperture stop. The
scattered irradiance at p can be expressed radiometri-
cally as

(6)

Inserting Eqs. (5) and (6) into Eq. (4) and rearranging
yield

L-Ep rO
LsAd lCOS '% I

Substituting Ep' from Eq. (3) yields

(7)

where L = INk4 1t I 2Ej/ I cosr0 .

k is the wave number, i.e., 2r/X,
A is the wavelength of light used,
a is the polarizability with a dimension of [ 3 ], i.e.,

(3/4'rN)(n 2 - 1/n2 + 2),
N is the number of gas molecules per unit volume,
n is the index of refraction of the gas, and
r0 is the distance between the receiver at p and

point 0.

(8)

The expression for the equivalent BRDF, f, caused by
the scattering of the gas molecules in volume Ad is
therefore given by

f = iL(

f = Nk l 2/ 1COS q. 1 (9)
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Inserting the expressions for k and ox gives

(2,T4( 3 n2 - 12/
f =fN 4 rrNn2+ 21 cos,

27r\4 3 (n- 1)(n + 1)\2/
=/Nkx Ik 47rN (n2 + 2) cosqNo (10)

For n close to unity, n 2 + 2 3 and n + 1 2:

f= 4N (n - 1)2/lcosmql; (11)

for the case of q0 = 1350,

f 4~_2 r2/(n- 1)2 (12)
f4~ X4N

Theoretically, this expression gives the lowest measur-
able equivalent BRDF at % = 1350 for vertically
polarized incident light, a particular value of 4 and a
given environment, if one assumes no other stray
light. This quantity imposes a fundamental limita-
tion on the lowest BRDF level that can be measured
for a surface in a given environment (n, N). No
improvement in instrumentation (aside from decreas-
ing I) will improve the BRDF measurement sensitiv-
ity of surfaces.

Equation (11) has a singular point at r = rr/2.
This is due to the mathematical construction of the
problem. We arbitrarily choose the orientation of
the disk Ad for simplicity to have its normal perpen-
dicular to the optical axis. The radiance from this
disk goes to zero at -q = ir/2. If the orientation of
disk Ad were chosen differently, the direction of q for
which the radiance would go to zero would be different.
This problem is unique to the application of the
BRDF to volume sources because the BRDF is truly
defined only for surfaces (for which radiance can be
defined). Therefore, to obtain an equivalent BRDF
for a volume of scatterers when the geometry of the
application includes a singularity, it would be best to
use the cosine-corrected BRDF, f ' = f cos q.

The equivalent BRDF in Eq. (11), f, can be ex-
pressed as /P(-q)/ cos s , where P,3qr) is the volume
differential scattering coefficient6 with a dimension of
inverse millimeters per steradian; l(3qr) is defined as
the product N(,q0 ), where urq0) is the differential
scattering cross section for one gas molecule. This
expression provides an important link between scat-
tering from volumes and from surfaces.

3. Calculation of Theoretical Equivalent BRDF

The indices of refraction for selected gases are listed
in Table 1 in order of descending values7 for STP
conditions at the wavelength of 589 nm. We selected
three gases (nitrogen, clean air, and helium) from this
list to be used for investigating the influence of
Rayleigh scattering on equivalent BRDF measure-
ments.

The theoretical equivalent BRDF values are tabu-

Table 1. Index of Refraction for Selected Gases at STP

Gas n

Freon 22 1.0035
Freon 12 1.0016
Nitrogen 1.000297
Air 1.000293
Argon 1.000281
Oxygen 1.000272
Water (vapor phase) 1.000254
Helium 1.000036

lated in Table 2 according to Eq. (12) for nitrogen,
clean air, and helium, and the number density,8 N, of
2.68 x 1019 molecules/cm3 ; we use / = 50 mm and
the wavelengths of 442 and 633 nm (the values used
in the experimental system that is discussed in
Section 4). These theoretical calculations are based
on a simple model. This model assumes that the
Rayleigh scattering is caused by individual molecules.
One may use this theoretical expression to indicate
the effect of several measurement parameters; how-
ever, the analysis may not be able to predict exactly
the absolute equivalent BRDF values.

4. Instrumentation

Figure 2 shows a diagram of the low-background
reference system (LBRS). All the assumptions that
are used to derive Eq. (12) are maintained for the
LBRS, i.e., vertically polarized collimated incident
light, << r, n 1, and % = 1350. The system
includes two lasers: helium cadmium at 442 nm and
helium neon at 633 nm. The light from each laser is
spatially filtered and formed into a collimated beam
that has a 1/e2 diameter of 4 mm. A dichroic filter
selects one of the two beams, which is then directed
through a chopper, a baffle, mirror Ml, baffle Bi,
baffle tube P1, and into the LBRS chamber. Baffle
BI is located 75 mm from mirror MI and 75 mm from
baffle tube P1. The sample holder is centrally lo-
cated within the chamber (0.7 m x 0.75 m x 0.33 m,
L x W x H) and can accommodate round samples
that have a diameter from 25 to 100 mm. The inside
surfaces of the chamber are lined with black-flocked
paper (for diffuseness), which was painted over with
flat-black paint (for low reflectance). The air inside
the chamber can be purged with a gas. Research-
grade purity gas (99.9995% pure) is passed through a
0.2-[im filter before entering the chamber. The
whole LBRS is contained in a class 10 clean room.
An airborne particle counter placed inside the cham-

Table 2. Theoretical Equivalent BRDF Values at Two Wavelengthsa

BRDF Wavelength (nm)

(1/sr) 442 632.8

fN2 2.24 x 10-7 5.34 x 10-8
fair 2.18 x 10-7 5.22 x 10-8

fHe 3.30 x 10 9 7.86 x 10-10

aN = 2.68 x 1019 molecules/cm 3 , / = 50 mm.
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Fig. 2. Layout of the LBRS (not to scale); ND, neutral density.

ber during a purge recorded a cleanliness level that is
better than class 10.

The chamber has four oversized light ports:
incidence, specular, receiver, and straight-through.
The incidence port allows the beam to enter the
chamber and strike a sample at its center with a 450
angle of incidence. Baffle tube P1 with an i.d. of 15
mm and that is 75 mm long is mounted on the
incidence port. The receiver port admits light
through two baffles and one field stop in front of the
detector. The specular port is mounted with baffle
tube (15 mm i.d. and 75 mm long) P3, which is sealed
with a Blue Sky Research Blackhole Laser Beam
Trap9 to capture any light that is specularly reflected
from a sample. Baffle tube (23 mm i.d. and 75 mm
long) P2 is mounted on the straight-through port.
A cornucopia-shaped glass beam trap with a 51-mm-
diameter opening is placed 30 cm away from baffle
tube P2 so that the incident beam can exit the
chamber when no sample is present.

An oversized volume between baffle tube P2 and
trap is enclosed by black rubberized vinyl so that no
light can enter. This prevents most of the light that
is not absorbed by the trap from reentering the
chamber. The baffle tubes and traps are sufficiently
oversized to ensure that the fringes of the collimated
beam will not be truncated, thereby causing scatter at
the edges. The incident beam admitted through P1
is surrounded with a cone of light caused by system
scatter, including mirror Ml and the Gaussian beam
tail. Some of the scatter cone may enter the photo-
multiplier tube (PMT) by diffracting from baffle B1
and baffle tubing P1 and scattering off the back

chamber wall that is directly in the field of view of the
PMT. The specular and receiver ports are also
sealed to prevent light from entering the chamber.
Although room lights are kept off during measure-
ments, a small amount of light from the laser dis-
charge glow and equipment pilot lights leaks into the
chamber through the entrance port. This leakage is
mainly the stray light for the system.

We employ photon-counting methods in the detec-
tion system to achieve low-level signal measurements.
A Hamamatsu9 PMT Model R943-02 was selected for
its good quantum efficiency in the visible and its
compatibility with photon-counting techniques.
Cooling the selected PMT to -20 C reduces the dark
counts from 50,000 counts/s (cps) to 20 cps.
The anode current is amplified 25x and is put into
the input of the photon counter. Thermal emission
from the PMT dynodes and base-amplifier electron
noise create a large number of small amplitude
pulses. These pulses exhibit less gain than those
originating at the photocathode by photon excitation.
That is, pulses caused by single photons hitting the
photocathode are Poisson distributed about a central
pulse-height value that is larger in amplitude than
that of the noise pulses. To maximize the ratio of
signal pulses to noise pulses in photon counting, one
should locate a discriminator at the pulse height that
falls between the peaks corresponding to the noise
and signal pulses. A pulse-height distribution was
obtained for the selected PMT, and the optimum
discriminator level was chosen. The PMT receiver
system has a dead time of 10 ns. We applied
corrections for dead time to all photon-counting data
to compensate for counting losses.'0 The maximum
correction required was 2.5% of the counts.

Uncertainties were introduced because some small
quantity of noise (and signal) pulses appears with an
amplitude larger (and smaller) than the selected
discriminator level. There also was a considerable
settling time required for the signal counts to stabilize.
We separated stray light from the measurement by
employing a chopper and the two channels incorpo-
rated in the photon counter in the A-B mode.

One field stop and two baffles were placed in front
of the PMT (see Fig. 2). The maximum field of view
for the receiver system is depicted in Fig. 3 and was
set to be 0.0041 sr throughout the entire measure-

Incident Beam

FOV\
of receiver

Sample Position
(vacant)

imaged
path length

to exit port

Fig. 3. Field of View (FOV) of the receiver system.
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ment so that the path length, , of the laser beam that
is viewed by the receiver is 50 mm. The laser beam
bisects the front of the sample holder. When there is
no sample present, the angle subtended by / = 50 at
the receiver is ± 3°. When there is a sample present,
the intecepted laser spot subtends ±0.5° at the re-
ceiver. The reflection from the polytetrafluoroethyl-
ene (PTFE) sample and the scattering from the gases
are both isotopic; the effect of any spatial nonunifor-
mity on the PMT photocathode is negligible. How-
ever, because the receiver system does not image the
sample onto the PMT photocathode, some parts of
the photocathode view all the 50-mm path length and
some do not. This poses a potential problem for the
system calibration.

The LBRS-equivalent BRDF's were calculated rela-
tive to the BRDF of a sintered PTFE sample of known
BRDF at 450 angle of incidence and 0° angle of
viewing geometry. When measuring the light scat-
tered from the sintered PTFE, we inserted neutral-
density filters with a calibrated optical density in
front of the lasers to attenuate the signal received to a
value below the PMT saturation level. Therefore we
determined the equivalent BRDF for the LBRS accord-
ing to

T
f = (B-Bn)fRR R X (13)

where

B is the signal when the chopper is on but no
sample is present in the LBRS,

B,, is the stray light detected when the chopper is
closed and there is no sample present,

fR is the BRDF value of the reference sintered
PTFE sample,

R is the signal obtained when the reference sin-
tered PTFE sample is present,

R,, is the stray light detected when the chopper is
closed and the reference sintered PTFE sample is
present, and

T is the transmittance of the neutral-density filters
used during the measurement of R.

Ideally, a measurement of the system stray light
would involve having the chopper open with no
sample in place and no gas present (i.e., a vacuum).
The interreflections of the chopped light throughout
the chamber would then be taken into account.
This type of measurement was impossible to perform
because it would have required a vacuum, which was
not practical. We greatly minimized interreflections
by restricting the field of view, enlarging the entrance
and exit ports and their associated baffle tubes,
blackening the walls, and using the various beam
dumps.

The transmittance value for each of the three
two-order neutral-density filters for the two lasers
was measured. The combined transmittance of three
filters is T = 3.74 x 10-7 for the 442-nm wavelength
and T = 1.85 x 10-6 for the 633-nm wavelength, with

2a uncertainties of approximately 60% and 30%,
respectively. These uncertainties are mainly due to
random fluctuations in the source and receiver sig-
nals and contain a small uncertainty caused by filter
replacement or nonuniformity uncertainty. Ignor-
ing the interreflections between these three neutral-
density filters causes less than 1% of the combined
transmittance values.

5. Experimental Results and Comparison with Theory

We allowed the lasers and receiver system as well as
the purge to reach a steady state before any data were
recorded. We determined the signal proportional to
the incident power by placing a sintered PTFE sample
at the sample position and neutral-density filters in
the laser beam. The sintered PTFE and neutral-
density filters were removed from the sample cham-
ber, and the scatter from the clean air was then
measured as a function of time. This ensured that
opening the chamber and removing the calibration
standard did not stir up particulates in the chamber,
and it permitted a sufficient amount of time for the
signal to stabilize. The uncertainty is based on 100
measurements made after the signal stabilized.
When the measurement was completed, the sintered
PTFE was remounted in the chamber and the neutral-
density filters were reinserted in the laser beam, and
the incident power was rechecked. We repeated this
entire procedure to verify the experiment. To verify
that gas molecules were limiting the equivalent BRDF,
we purged the chamber at 100 kPa with nitrogen
(99.9995% pure) and helium (99.9999% pure), and we
repeated the experiment by using the procedure
stated above.

The stray light entering the system with the laser
on, but blocked by the chopper, was recorded-at 700
cps (- 2 x 10-13 mW for 633 nm, - 3 x 10-13 mW for
442 nm). We subtracted this stray light from the
signal measurements by using the A-B chopping
mode of the photon counter. We obtained the uncer-
tainty by adding in quadrature the relative standard
uncertainties for each term in Eq. (13):

(f) = [(B 2B) + ( 2.B + ( R(AT) + (AR) + (-R ) 1/2
(14)

Table 3 contains the equivalent BRDF and the uncer-

Table 3. Measured Equivalent BRDF, f, and Its Uncertainty, Af, for Three
Gases at Two Wavelengths (I = 50 nm)

Wavelength

442 nm 633 nm

BRDF f(1/sr) Af(2c) f(1/sr) Af(2u)

fN2 6.85 x 10-8 ±2 x 10-8 1.00 X 10-8 ±0.4 x 10-8
fair 7.55 X 10-8 ±2 X 10-8 1.01 X 10-8 ±0.4 x 10-8

fHe 1.12 x 10-8 ±0.3 x 10-8 0.15 x 108 ±0.06 X 10-8
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Fig. 4. Plot of theoretical equivalent BRDF as a function of
wavelength with experimental data at 442 and 633 nm for nitro-
gen, air, and helium.

tainties (2cr) for the three gases at the two wavelengths.
The theoretical and measured values are shown
graphically in Fig. 4, where the experimental equiva-
lent BRDF is plotted versus wavelnegth for nitrogen,
clean air, and helium, along with the theoretical
prediction for each gas. The measurement uncertain-
ties Af (2 a) are also shown.

6. Discussion

The experimental uncertainty might be larger than
the estimation. This may be one of the reasons that
the measured equivalent BRDF's for nitrogen, clean
air, and helium are not exactly the same as the
theoretical values. The data show that the equiva-
lent BRDF values for nitrogen and clean air are very
close. This is expected because the indices of refrac-
tion for nitrogen and clean air are nearly the same.
The ratio of the measured BRDF value at 422 nm to
that at 663 nm for each gas scales with wavelength to
the inverse fourth power only when 2cr measurement
uncertainty was used. This may have been caused
by the presence of a constant noise source that does
not scale as inverse wavelength to the fourth power.
The ratio of the measured BRDF value for nitrogen or
clean air to that of helium is smaller by an order of
magnitude at both wavelengths from the theoretical
prediction. This could be caused by a source of
background noise in the measurement.

7. Conclusions

In general, equivalent BRDF measurements made on
BRDF instruments are limited by stray light. This
stray light may originate at the optical components

used within the system, or it may be caused by
interreflections of light from surrounding fixtures.
If stray light is minimized within the system, then
Rayleigh scattering effects may begin to limit the
equivalent BRDF of the system. This study applies
to systems in which the stray light does not dominate
the equivalent BRDF, and it reveals that BRDF
measurements for many common instrument configu-
rations ultimately are limited by atmospheric scatter-
ing. This scattering is dependent on the index of
refraction of the gas contained within the measure-
ment system, the size of the gas volume viewed, and
the wavelength of the light used. The theoretical
calculation for the lowest equivalent BRDF level
measurement in clean, particle-free air is 5 x 10-8
sr-' (for / = 50 mm); the experimental value is lower
than this value. This maybe because of the underes-
timation of the experimental uncertainty. This
equivalent BRDF may be reduced further if the area
surrounding the sample and receiver is purged with
helium. The size of the field of view of the system
permits adjustability of this equivalent BRDF for a
given wavelength and gas. The minimum value of
the field of view is determined by the extent of the
laser beam spot size at the sample (to ensure overview-
ing), and its maximum is limited by stray-light consid-
erations. Photon counting was used for these experi-
ments because of its high sensitivity; however, other
more stable techniques may be employed to achieve
low-level BRDF measurements if they have compa-
rable sensitivity.

Appendix A. Derivation of Irradiance Caused by
Rayleigh Scattering of Vertically Polarized Incident Light

Here we derive the expression for the irradiance
caused by Rayleigh scattering as a function of physi-
cal parameters and geometrical arrangement. The
Stokes parameters5 for the incident light can be
expressed in terms of a, x, and q4 (see Fig. 5):

E = 8-(a 2),

Q = E cos 2x cos 2,

U = E cos 2 sin 2,

V = E sin 2 x, (Al)

where

E is the incident irradiance,
Qj is the horizontal polarization preference compo-

nent,
U is the + 450, + 1350 polarization preference com-

ponent,
Vi is the right circular polarization preference

component,
a is the amplitude of the electric field,
c is the speed of light, and
X and i4 are elliptical expressions of phase angles

of the electric field as illustrated in Fig. 5
(-r/4 X /4, 0 < ir).
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where

T's are transfer functions based on the geometry of
the optical system,

k is the wave number, i.e., 2-rr/X,
a is the polarizability of dimension [m 3 ], and
r is the distance of point p to the center of the

geometric coordinate system.

The relations between x, y, ii, and + are shown in
Fig. 6.

For vertically polarized incident light,

X = Tr/2 , = .

The Stokes parameters of Eq. (Al) can be simplified
to

[Ei, Qj, Uj, Vj] = [Ei, -Ei, 0, 0], (A4)

ax

P
Fig. 5. Ellipse expression of electric field parameters a, x, *i'

According to Stone,5 the Stokes parameters of the
scattered light at point p can be expressed as

Ep = 1/2( Trl 1 2 + I T7I | 
2)(Ei + Qi)

+ 1/2 ( I TY 1 2 + IT,4y I 
2 )(E, - Qi)

+ Re(riTx7,y* + T4,T,7y*)(Ui + iVi),

Q = 1/2(|Tx12 - I T7x | 2 )(Ei + Qi)

+ 1/2( |IT 12 - |T4y | 2)(Ei - Qi)

+ Re(T-qXT7y - TTy )(Ui + iVi),

Up + iVp = Tqx7Tx*(Ei + Qi) + T7yTcy*(Ei - Qi)

+ TYxT4x *(Ui + ivi) + T,,1~7 (Ui - iVi).

(A2)

For Rayleigh scattering,

k 2 at
T =- cos 'q cos + exp(ikr),' r

T1Y =- cos q sin + exp(ikr),r

k2 at

T,4X = - -sin (~ exp(ikr),

k2 a
T4Y= - Cos ~ exp(ikr), (A3)

where

Ei = (a2)a

Inserting Eq. (AM) into Eqs. (A2) and (3), we have

Ep = 2 (cos 2 q sin 2
+ + cos 2 +)Ej,

QP = 
2 (cos 2 q sin 2

+ - coS 2 ¢)Ej,

k 4a2

Up = 2 - (cos sin c cos )Ej,

Vp= . (A5)

For point p on the x-z plane, 4 = 0. The Stokes
parameters at point p in the x-z plane, with vertically

Y

Y = a 

a 

x a cos X

Fig. 6. Geometric coordinates for scattering.
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polarized light caused by Rayleigh scattering of one
gas molecule, can be expressed as

k4ca
Ep = -2Ei,r2

Qp = Ep,

Up = 0,

VP = 0. (A6)
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